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1 BanachZER] - EFIEHAEAZE « Hilbert ZRDEE

1.1 BanachZERDES

e X 2 K FORZ FZERE TS, K re X ITHUT, EH |z|| 21 DEZF
D, XD (NI)~(N3) ZilirzT e %, ||| 2 X DIINLEVS :
(N1) ||zl >0 THD ||z|| =0 < x =0 (0 lFZ FILZEH X DFEIT)
(N2) laz]| = |afl|lz]| (0 € K, z € X)
(N3) [l +yll < [lzf| + [ly]l (=, y € X)

o NI MUVEM X IT/ VA ||| WEZRERBLE, (X, ||-|) 2/ LM
WS, JIVADBHHL 2P RGEIREIIC X & 7 IVAZER WS,

o JILLZER (X, |- ]) BWT d(z,y) = ||l —y| & T3 dIIHEROSRN%
AT DT/ IV L ZEEIIEEREZEM £ 72 2 T 8 ICERET 5.

o {v,} Z X OFA, x€ X &55%. lim ||z, —z|=0DKDiIoL %, {,}
i o (RSB, 550 {2} B 2 ICIORL, H0y iU FT 37513 2 — y
THBZEPRENDZDT, {z,} 2z WKPERT 2L X lim z, =1 HDEWVIE
T, = x (n—o0) EXT. .

o {z,} ¥z ITPKRT 2 Z L DERITHAEICIE, FED e >0 XMNLT, H3
ng € N ﬁiﬁﬁbf

n>ny = l|r,—z|<e
DD NDZ e TH 5.
o lim z, =2 K 5IX lim ||z,| = ||| 23D ILD.
n—oo

n—oo

o X OFF {x,} 23 CauchyFITH 2 1%, (FED > 01X LT, % nye N
DFELT

m,m>nyg = |o,— o <e
MDD ZeTHE. UHT % 7FIEWDTH Cauchy FITH 5.

o JILLAZERIDIEE® Cauchy MIHBIRT 5 & =, 2D/ IVLAZEMEIIFTRTH 5
WV, SERR /L A ZER % Banach 2R & W 5.



1.2 BREEIERZE - EFRGEAAREE - H1%2ZEM
1.2.1 BREEERZF

o X, Y BZXRZ MVZEER], D C X ZE752%Me35. T:D —Y DPIEER,
DFD,

T(z+y)=T@)+T(y) (r,yeD),
T(ax)=aT(z) (¢ € K,z € D)

DRDIDEE, Tk X »o Y NOBEERZEL VS, T(2) & Te &FED
n5.

o (X, |-1lx), (Y|l -ly) 22 V2B, T:X =Y 2B EREL T3, 3
M >0DEFEELT

[Tz]ly < Mllz|x (€ X)

DDV DOE T IZERTHS, HA2WVWE X 226 Y NOBRIGHEAERET
HiHrrWnD,

o T: X =Y DHYEAEHZRTH % & XD (i)~(iii) IXFEETH % :

() T 3ERTH .
(i) T 3EBETH 2, 2% 2, = 2(n = ) Ko Tr, = Tz(n — )
DI D ALD.
(iii) T ¥ 2 = ox TEBTH S, 2FD 2, = ox(n = o00) 256X Tz, —
oy(n — o0) DS DILD, 72721, ox, oy FZNEFN XY DFEILTH 5.

o T: X =Y ZHMILAEARE T B L &,
inf{M >0: ||Tz|ly < M|jz||x "z € X)} (1.1)
Z|T| c&EE, T AR/ L VS, EE

IT|| = min{M >0 | Tzlly < Mlzlx ("z€X)}

Thh

ITelly < | Tllelx (z € X)
A RYASR

o X7,
T
170 = sup 1220 o 1Ty = sup [Tl
etox 1Tllx  ee<t 2]l x=1

DI D VLD,



e Z(X\)Y) & X o Y "NOFRMIEEHEEKLTE. X =Y Ot &
ZX,V)F LX) eRT. S, TecZ(X,)Y), ac KIiZxLT

(S+T)r=Se+Tx (veX),

(aT)x = a(Tz) (x € X)

WED, M1 S+ T, affalS Z2ERTIE L(X,Y) ERT MLVZERER 5.
EHI(LY) R/ VLELT LX,)Y) B/ Va2EREe 5. ZOREKTHR
MIAEHR T O/ V% ||T|gxy) £RT. EHITY ¥ Banach ZZHTH %
%, Z(X,Y) 1 Banach ZEfi & 72 5.

1.2.2 BRIRAABEE - 2%

o X 15 K NOEAMEHZIZENC X FORABE L v . Ko Ez 2
V2 e LT Banach 25 &£ 72 5 DT £ (X, K) (X Banach 22 & 72 5. Z(X,K)
X EEE X OREBEME VLS. fe X E X 25 K AOERIGAARE
Hruw>o.

o HoHT, [ HEFUFENERTHZ ZDEREEL L, DD M >0
FAELT

[f(2)] < Mlz|| (z € X)
D DIIDZ L TH5. WDTX* D/ VAF(11)DFED

[ fllxs = inf{M >0 |f(z)] < M|jz]| (z € X)}

TERSN,
[f@)] < [[fllx-llzllx (z € X) (1.2)
S D ALD.
o X/
o= 30 oy = R, 60 = e 0

BRD IO, fe X ITHLT fl@) % (f,z) £dh<.

o X* OHAZERM (X*) 2 X OB 2HRZEME VWL X 2 BRT.



1.3 Hilbert ZR3
1.3.1 R¥EZER - Hilbert ZE[]

e X T K LORIZ MUVERE T 5. z,ye X ITHNLT (r,y) e KB 1DOEXE
DRD (IP1)~(IP3) Zifi7z3 & = (-,-) XABEL VS !
(IP1) (z,2) >0 ("2 € X) THY (z,2)=0 & z=o0
(IP2) (2,y9) = (y,2) (“z,y € X)
(71 +29,y) = (v1,9) + (v2,9)  (Tw1,22,y € X)
(ax

ar,y) =a(z,y) ("z,y € X, 'a€C)

8

(IP3)

WS ER S NN FLVZERZRATRZEM D 5 VI3 pre-Hilbert ZEf &0 5.
o ()X DNMTH L L &

(2,91 +12) = (z,01) + (z,y2)  ("z,y1,90 € X)
(z,0y) =a(z,y) (Tz,ye X, "aeC)

A RYASH
o X ZNME () ZHONHEZE/ME 5. 2ok X,
(z,9)| < (z,2)"2(y,9)"/? (2,y € X)

DD LD, T4 % Schwartz DARFRX & V5. Schwartz DARENXEKD ||z]| =
(z,2)2 2B ||| 1& (N1)~(N3) Zii/23 DT/ VLkind I hbh
5. Lo CTHNEZERIE Vv aZEffie iz . VL% W5 & Schwartz D
AT

(@9 < [lzllllyll (z,y € X)
5.

o PHZERNICEWT [l +yl + |lz —ylI> = 2(|=]> + [y]]?) ("z,y € X) (PIRE
2) DI,

o X KAz}, {yn} &2,y e X TNLT a2, > 2,y =y (n—00) RO
(xnayn) — (Jfay) i RIRVASN

o NIEZER] X DEE®D Cauchy FIHUKRT % &£ % X X Hilbert ZZETH 3 &
W, X 23R _EORY FVEMTDH % 55133E Hilbert R, C Eo~xZ7
IVZETH % & =318 Hilbert ZZHTH % 5. Hilbert ZZICIE X ¥
[Ffk H X7 LTEDNS.



1.3.2 ERXER

o X ZNFEZEME TS, v,y X D (2,y) =0 ZWiLIT X, o & y TEXRT
B Ly ERT.

e A,BCX (AB#0)
(z,y) =0 ("z€A7y€B)

BiileTrE AL BERT. A={2} D xd {z} LBREHICr LB Y
xT.

o (z,y) =0= llz+yl? = |lzl]* + |y|]? 2D LD (ZFFOEHE) . EFE,
BDz,ye X ITHLT

lz +yll” = (x +y, 2 +y) = llz|* + (z,9) + (g, 2) + |yl = [|2]* + lly]I®
M DIDZ Do bhb.
o LC X (L#£0)ITHLT
L' ={zeX|(z,y) =0 ("ye L)}
EBL. 2O E LY X O#ESZEM (B2 MVERITH D o

B) eikb.

1.3.3 S5 FIE » Riesz ODRIFEIE

(ﬁﬁg 1.1 ~

H % Hilbert 2, L c H ZEAMEETH 2235, ZOLETEDre HIZ
LT

0= inf [|lz —y]
b SEqRa
§ = [lz — a2

il o e LDBEE12FETS. X512 0 e L IIROBELRALTHE
L CRfF o3 .

Re(z — 2",y —2*) <0 (Yye L) (1.3)
N J
% Hilbert ZZTHIUR (v — 2%,y —2*) <0 ("y € L) Zii/zd o* & U THRE
firehs.




/Eﬂ12(%%ﬁﬁ) ~
H % Hilbert Z8ffl, L Cc H ZBAERD 2RI 35, O &, (FED v H X

r=y+z (yeL, z€lLb)

LR l@EhicRIND.
CDrE 2 c HIWLTETEER? ye L 2B 2EHFEE L ~NDOIESt

BbHDLVIERFRE LV, P RT ly= P
J

- EIE 1.3(Riesz DRIZEIR) ~

H % Hilbert 2¢f#], f % H LOBEFRBENEBKLE T2, 5 ye H B
12/EED

f(@)=(z,y) ("z€H)
DD INLD. X HITRDBE D D -
Il = lyl]
N\ Y,

eyc Hr353k f(r) = (z,y) (v € H)IX f € H* Zi/zd. PIHEED
f e H ITHLT Riesz DRBEHICE D, D2 yec HPELIDOEED

f(x) = (z,y)

rERIND.

e LEED fe H ITHLUTRiesz ORIWEMICEIDEES ye H &y ZF
T oy BREHTIHIRRDMD LD :
Tpg=zr+z4 (f,9€H),
l’afzal‘f (fEH*, OéGK)
sl = 11Lf |

o BHY for ITKD H* & HIFFA—MTE, A—HLLE DD/ VLET
L.





