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Abstract

We show finiteness results on torsion points of commutative algebraic groups over a p-adic
field K with values in various algebraic extensions L/K of infinite degree. We mainly study the
following cases: (1) L is an abelian extension which is a splitting field of a crystalline character
(such as a Lubin-Tate extension). (2) L is a certain iterate extension of K associated with
Lubin-Tate formal groups, which is familiar with Kummer theory.
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1 Introduction

Let p be a prime number. It is known (cf. [Mat], [CL, Theorem 5.2 (a)]) that, for any abelian
variety A over a p-adic field K and any finite extension L of K, we have

A(L) ' Z⊕[L:Qp]·dim A
p ⊕ (a finite group).

Thus we may say that the free part of the Mordell-Weil group A(L) is well-understood (in contrast
to the number field case). Furthermore, some explicit bounds on the size of the torsion part
A(L)tor of A(L) is also studied under certain reduction hypothesis on A (cf. [Si1], [Si2] and [CX]).
We are interested in the finiteness of A(L)tor in the case where L is an algebraic extension of K
of infinite degree. Motivated by the Mazur’s question [Maz] for the Mordell-Weil group over a
cyclotomic field, Imai showed in [Im] that the torsion subgroup of A(K(µp∞)) is finite if A has
potential good reduction, which is well-known as a powerful tool in Iwasawa theory. Here, µp∞ is
the set of p-power roots of unity. Some “generalizations” of Imai’s theorem are also known. One of
generalization is given by Kubo and Taguchi [KT]; they showed that Imai’s theorem still holds if
we replace K(µp∞) with K(K1/p∞), where K1/p∞ is the set of p-power roots of all elements of K.
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Another generalization is given in [Oz], which shows that Imai’s theorem still holds if we replace
K(µp∞) with the composite field of K and various Lubin-Tate extensions over p-adic fields.

In this paper, we give further discussions of [Oz] and consider a “Lubin-Tate theoretic” gener-
alization of [KT]. We need some notation to state our main theorems. Let k be a p-adic subfield
of K with residue field Fq, Ok the integer ring of k and take a uniformizer π of k. We take any
φ = φ(X) ∈ Ok[[X]] with the property that φ(X) ≡ Xq mod π and φ(X) ≡ πX mod X2. We set

K̃ := K(x ∈mK | φ
n(x) ∈ K for some n ≥ 1).

Here, K is a (fixed) algebraic closure of K, mK is its maximal ideal and φn is the n-th composite

of φ. The field K̃ has a geometric interpretation as follows: Denote by mK the maximal ideal of
the integer ring OK of K. Let F be the Lubin-Tate formal group over Ok associated with π. Then
K̃ is the extension field of K obtained by adjoining to K all πn-th roots of all elements of F (mK)

for all n. If k = Qp and π = p > 2, then we have K̃ = K((O×
K)1/p

∞
) where (O×

K)1/p
∞

is the set

of p-power roots of all units of O×
K (cf. Example 5.2). Thus, in some sense, the field K̃ is “closely

related” to the field studied by Kubo and Taguchi. The field K̃ satisfies the following interesting
properties (see Section 5).

- K̃ is independent of the choice of φ; it depends only on the choice of K, k and π.

- K̃ has a finite residue field and contains kπ. Here, kπ/k is the Lubin-Tate extension associated
with π.

- K̃ is a non-abelian p-adic Lie extension of K and the extension K̃/Kkπ is a Z⊕[K:Qp]
p -

extension. The maximal abelian extension of K contained in K̃ is a finite extension of
Kkπ.

For the study of the Galois group Gal(K̃/Kkπ), we follow the Kummer theory arguments of Ribet
[Ri1], [Ri2] and Banaszak-Gajda-Krason [BGK].

Our interest is to study the finiteness of torsion points of abelian varieties, more generally,
commutative algebraic groups, with values in (a finite extension of) K̃. Now, first main result is
as follows.

Theorem 1.1. Assume that the pair (k, π) does not satisfy the condition (W) explained just

below. Then, for any finite extension L of K̃ and any abelian variety A over L with potential good
reduction, the torsion subgroup A(L)tor of A(L) is finite.

The condition (W) appeared in the theorem is as follows. Let kG be the Galois closure of k/Qp
and set dG := [kG : Qp]. Fix an embedding Q ↪→ Qp. We say that α is a q-Weil integer of weight
w (resp. a q-Weil number of weight w ) if α is an algebraic integer (resp. an algebraic number)
such that |ι(α)| = qw/2 for any embedding ι : Q ↪→ C. Then, the condition (W) is;

(W) Nrk/Qp
(π) is a q-Weil integer of weight dG/c for some integer c with 1 ≤ c ≤ dG.

Theorem 1.1 is a generalization and also a slight refinement of the main theorem of [Oz]; it shows
that, if (W) with a bit stronger assumption on the weight does not hold, then the torsion subgroup
of A(L) is finite for any finite extension L of kπ and any abelian variety A over L with potential
good reduction. Note that Imai’s theorem can be recovered by applying the main theorem of
[Oz] (or Theorem 1.1 above) with k = Qp and π = p. We remark that our results should give
applications to Iwasawa theory, for example, control theorems of Selmer groups for abelian varieties
over certain p-adic Lie extensions of number fields. In fact, arguments of [KT, Section 6] seem to
be familiar with our results.

We immediately see that the condition (W) is not enough if we hope to remove the reduction
hypothesis from Theorem 1.1 for a finiteness property of torsion points. (In fact, consider the case
where A is an elliptic curve with split multiplicative reduction and (k, π) = (Qp, p). Then the pair

(Qp, p) does not satisfy (W) but A(K̃)tor is infinite since K̃ contains kπ = Qp(µp∞).) To overcome
this, we consider the following additional condition.
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(µ) q−1Nrk/Qp
(π) is a root of unity.

Our second result below can be applied to not only abelian varieties with potential good reduction
but also all commutative algebraic groups (here, an algebraic group over a field F is a group scheme
of finite type over F ).

Theorem 1.2. Assume that the pair (k, π) satisfies neither (W) nor (µ). Then, for any finite

extension L of K̃ and any commutative algebraic group G over L, the torsion subgroup G(L)tor of
G(L) is finite.

We show this theorem by combining Theorem 1.1, a structure theorem of commutative algebraic
groups and a non-archimedian rigid uniformization theorem of abelian varieties ([Ra], [BL] and
[BX]).

Furthermore, we show that, for given p-adic fields k ⊂ K, there are only finitely many possibil-
ities of the absolute norm Nrk/Qp

(π) which might admit infiniteness of G(K̃)tor for some algebraic
group G over K. Moreover, we show “uniform” version of this phenomenon. We denote by fK the
extension degree of the residue field extension of K/Qp.

Theorem 1.3. Let f, g > 0 be positive integers. There exists a finite set W =W(f, g; k) of q-Weil
integers depending only on f, g and k which satisfies the following property: If Nrk/Qp

(π) /∈ W,
then for any finite extension K/k with fK ≤ f , any commutative algebraic group G over K of

dimension at most g and any finite extension L/K̃, it holds that G(L)tor is finite.

In Section 4, we also give finiteness results, such as Theorems 1.1 and 1.2, on torsion of com-
mutative algebraic groups with values in abelian extensions which are splitting fields of some
crystalline characters (such as Lubin-Tate extensions). The results seem to be conceptual and
theoretical but they covers main results of [Im] and [Oz].

Acknowledgments. The author would like to express his sincere gratitude to T. Hiranouchi and
Y. Taguchi for useful discussions. This work is supported by JSPS KAKENHI Grant Number
JP19K03433.

Notation : For any algebraic extension F of Qp, we denote by GF the absolute Galois group of F .
We also denote by OF and mF the ring of integers of F and its maximal ideal, respectively. For an
algebraic extension F ′/F , we denote by fF ′/F the extension degree of the residue field extension of
F ′/F . We set fF := fF/Qp

to simplify notation. We denote by µn(F ) the set of n-th roots of unity

in F , µn := µn(Qp), µℓ∞(F ) := ∪m≥0µℓm(F ) for any prime number ` and µ∞(F ) := ∪n≥0µn(F ).
Finally, any representation over a field in this paper is of finite dimension.

2 Finiteness criteria of torsion of algebraic groups

The aim of this section is to show that we may reduce arguments of finiteness of torsion points
of commutative algebraic groups to the cases of tori and abelian varieties with potential good
reduction. Let K be a p-adic field and L an algebraic extension of K. Let 0 < g ≤ ∞ and let `
be any prime number (including the case ` = p). We consider the following conditions for a fixed
data (L/K, g, `):

(µℓ∞) The set µℓ∞(L′) is finite for any finite extension L′ of L.

(AVℓ∞) For any abelian variety A over K with potential good reduction of dimension ≤ g, the set
A(L)[`∞] is finite.

We also consider the following conditions for a fixed data (L/K, g):

(µ∞) The set µ∞(L′) is finite for any finite extension L′ of L.
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(AV∞) For any abelian variety A over K with potential good reduction of dimension ≤ g, the set
A(L)tor is finite.

Remark 2.1. Suppose that L is a Galois extension of K. We check that the condition (µℓ∞)
(resp. (µ∞)) holds if and only if the set T (L)[`∞] (resp. T (L)tor) is finite for any torus T over K.

The necessity is clear and so we show the sufficiency. Assume that the set T (L)[`∞] (resp.
T (L)tor) is finite for any torus T over K. Let L′ be a finite extension of L. Let TL := ResL′/L(Gm)
be the Weil restriction of Gm. We have TL(L) = Gm(L

′) by definition. The torus TL descends to a
torus TK0

over a finite subextension K0/K of L/K. We set H := ResK0/K(TK0
), which is a torus

over K. Since L is a Galois extension of K, we have isomorphisms

H(L) = TK0
(L⊗K K0) '

∏
σ

TK0
(L) '

∏
σ

Gm(L
′)

where σ runs through all K-algebra embeddings K0 ↪→ L. Now the finiteness of µℓ∞(L′) (resp.
µ∞(L′)) follows by the assumption.

Proposition 2.2. Assume that L is a Galois extension of K.
(1) If both (µℓ∞) and (AVℓ∞) hold for (L/K, g, `), then G(L)[`∞] is finite for any commutative
algebraic group G over K of dimension ≤ g.
(2) If both (µ∞) and (AV∞) hold for (L/K, g), then G(L)tor is finite for any commutative algebraic
group G over K of dimension ≤ g.

Proof. At first, we reduce a proof to the case where G is an abelian variety. By a structure theorem
of commutative algebraic groups (cf. [Br, Theorem 2.9]), the commutative algebraic group G lies
in an exact sequence

0→M × U → G→ A→ 0

of group schemes over K. Here, M is a subgroup scheme of a torus, U is unipotent and A is an
abelian variety. Since U(L) is torsion free, we have exact sequences

0→M(L)[`∞]→ G(L)[`∞]→ A(L)[`∞] and 0→M(L)tor → G(L)tor → A(L)tor (2.1)

of GK-modules. The finiteness of M(L)[`∞] (resp. M(L)tor) follows from (µℓ∞) (resp. (µ∞)).
Thus, to show the proposition, we may assume that G is an abelian variety.

In the rest of the proof, we assume that G is an abelian variety of dimension ≤ g and denote
G by A. We denote by gA the dimension of A. We use a non-archimedian rigid uniformization
theorem of abelian varieties ([Ra], [BL] and [BX]); there exist the following data, which is called a
rigid uniformization of A (cf. [BX, Definition 1.1 and Theorem 1.2]):

(i) S is a semi-abelian variety of dimension gA fits into an exact sequence of K-group schemes
0 → T → S → B → 0 where T is a torus of rank m and B is an abelian variety which has
potential good reduction,

(ii) a closed immersion of rigid K-groups Nan ↪→ San where N is a group scheme which is
isomorphic to Z⊕m after a finite base extension. Here, the subscript “an” is the GAGA
functor, and

(iii) a faithfully flat morphism San → Aan of rigid K-groups with kernel Nan.

It holds that dim B ≤ gA ≤ g and we have exact sequences

0→ N(K)→ S(K)→ A(K)→ 0 and 0→ T (K)→ S(K)→ B(K)→ 0

of GK-modules (since “N → S → A” are rigid analytic morphisms, the exactness of the former
sequence might not be well-known; see the proof of [CX, Theorem 2.3] for this).
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Proof of (1). Assume (µℓ∞) and (AVℓ∞) for (L/K, g, `). We have exact sequences

0→ Vℓ(S)
GL → Vℓ(A)

GL → Qℓ ⊗Z N(K) and 0→ Vℓ(T )
GL → Vℓ(S)

GL → Vℓ(B)GL

of GK-modules (here we recall that L is a Galois extension of K), where Vℓ(∗) stands for the
rational `-adic Tate module. By (µℓ∞) and (AVℓ∞) for (L/K, g, `), we know that Vℓ(T )

GL and
Vℓ(B)GL are zero, respectively (here, we recall that the dimension of B is at most g). This gives
the fact that Vℓ(S)

GL is also zero. Hence we have an injection Vℓ(A)
GL ↪→ Qℓ ⊗Z N(K) of GK-

modules. This shows that the GK-action on Vℓ(A)
GL factors though a finite quotient. Hence there

exists a p-adic subfield K ′ of L such that Vℓ(A)
GL = Vℓ(A)

GK′ . Since Vℓ(A)
GK′ is zero by the

main theorem of [Mat], we conclude that A(L)[`∞] is finite.

Proof of (2). Assume (µ∞) and (AV∞) for (L/K, g). It follows from (1) that A(L)[`∞] is finite
for all prime numbers `. Hence it suffices to show that A(L)[`] = 0 for almost all prime numbers
` 6= p. Consider exact sequences

0→ S(L)[`]→ A(L)[`]→ N(K)/`N(K) and 0→ T (L)[`]→ S(L)[`]→ B(L)[`]

of GK-modules (again we recall that L is a Galois extension of K). It follows from (µ∞) and
(AV∞) for (L/K, g) that T (L)[`] and B(L)[`] are zero for any ` large enough, respectively (again,
we recall that the dimension of B is at most g), which implies S(L)[`] = 0. For such `, we have
an injection A(L)[`] ↪→ N(K)/`N(K) of GK-modules. Now we take a finite extension K ′/K
so that N is isomorphic to a constant group Z⊕m over K ′. Then the existence of an injection
A(L)[`] ↪→ N(K)/`N(K) of GK-modules shows A(L)[`] = A(L ∩ K ′)[`], which must be zero for
any ` large enough by the main theorem of [Mat].

Remark 2.3. In Proposition 2.2, the condition that L is a Galois extension of K is necessarily.
Let $ be a uniformizer of K and $n a pn-th power root of $ such that $0 = $ and $p

n+1 = $n

for all n ≥ 0. We set L := K($n;n ≥ 0), which is not a Galois extension of K. We see that (µ∞)
is satisfied for (L/K, g). It is a result of [KT] that (AV∞) also hold for (L/K, g). However, if we
denote by Eϖ the Tate curve over K associated with $, then Eϖ(L)[p

∞] is infinite.

By considering Weil restrictions, we obtain a slight generalization of Proposition 2.2 in the case
g =∞.

Corollary 2.4. Assume that L is a Galois extension of K.
(1) If both (µℓ∞) and (AVℓ∞) hold for (L/K, g = ∞, `), then G(M)[`∞] is finite for any finite
extension M/L and any commutative algebraic group G over M .
(2) If both (µ∞) and (AV∞) hold for (L/K, g =∞), then G(M)tor is finite for any finite extension
M/L and any commutative algebraic group G over M .

Proof. Let G be a commutative algebraic group over M . Let G0 := ResM/L(G) be the Weil
restriction. Then G0 descends to a commutative algebraic group over a p-adic subfield K0 in L/K,
which we also denote by G0. Setting H := ResK0/K(G0), then H is a commutative algebraic
group over K and we have isomorphisms H(L) '

∏
σ G0(L) '

∏
σ G(M) where σ runs through all

K-algebra embeddings K0 ↪→ L. Now the results immediately follow from Proposition 2.2.

3 Locally algebraic representations and the invariant δχ

We recall standard properties of locally algebraic representations (cf. [Se], [Co, Appendix B]). We
also introduce an invariant δχ for crystalline characters χ. The keys in this section are Lemmas
3.3 and 3.9, which will be often used later.
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3.1 Locally algebraic representations

Let k and E be p-adic fields and χ : Gk → E× a continuous character. We often regard χ as a
character of Gab

k . Let Artk : k
× → Gab

k be the local Artin map with arithmetic normalization.
We define Qp-tori k× and E× to be the Weil restrictions of scalars k× := Resk/Qp

(Gm) and

E× := ResE/Qp
(Gm).

Definition 3.1. We say that χ is locally algebraic if there exists a (necessarily unique) Qp-
homomorphism k× → E× whose restriction to Qp-points agrees with χ ◦Artk near 1.

Proposition 3.2. Let E(χ) be the Qp-representation of Gk underlying a 1-dimensional E-vector
space endowed with an E-linear action by Gk via χ. Then, E(χ) is Hodge-Tate if and only if χ is
locally algebraic.

Proof. The result is a consequence of [Se, III, A.6, Corollary].

Assume that E(χ) is Hodge-Tate. For any σ ∈ ΓE , let χσE : IσE → E× be the restriction to
the inertia IσE of the Lubin-Tate character associated with any choice of uniformizer of σE (it
depends on the choice of a uniformizer of σE, but its restriction to the inertia subgroup does not).
Then, taking a finite extension k′ of kE large enough, we have

χ =
∏
σ∈ΓE

σ−1 ◦ χhσ

σE

on the inertia Ik′ for some integer hσ. We may assume that k′ contains the Galois closure k̃ of
kE/Qp. Note that {hσ | σ ∈ ΓE} is the set of Hodge-Tate weights of E(χ), that is, C ⊗Qp

E(χ) '
⊕σ∈ΓE

C(hσ) where C is the completion of Qp. Thus h = hE(χ) :=
∑
σ∈ΓE

hσ is the sum of all

Hodge-Tate weights of E(χ). We also set h̃ := [k̃ : E] · h, which is the sum of all Hodge-Tate
weights of k̃(χ). We denote by kχ the definition field of χ and put Kχ = Kkχ for any p-adic field
K.

Lemma 3.3. Assume that χ is locally algebraic and let the notation for χ be as above. Let K and
F be p-adic fields and ψ : GK → F× a locally algebraic character such that the restriction of ψ to
an open subgroup of GKχ is trivial. We fix a lift û : Qp → Qp of each u ∈ Γk̃. If kχ has a finite
residue field, then we have  ∏

u∈Γk̃

û ◦ ψ

h̃

=

 ∏
u∈Γk̃

û ◦ χ

r̃

on an open subgroup of GKk. Here, r̃ =
∑
τ∈Γk̃

rτ for some Hodge-Tate weight rτ of F (ψ).

Proof. Take a Galois extension K ′/Qp so that all the properties below hold.

(i) K ′ contains K, k′ and the Galois closure of F/Qp,

(ii) ψ is trivial on GK′
χ
and

(iii) ψ =
∏
σ∈ΓF

σ−1 ◦ χnσ

σF on IK′ where χσF is the restriction to IσF (⊃ IK′) of the Lubin-Tate
character associated with a uniformizer of σF .

On the other hand, we have a decomposition O×
E = µ∞(E)× VE , where µ∞(E) is the set of roots

of unity in E and VE is an open subgroup of O×
E which is isomorphic to Z[E:Qp]

p . Replacing K ′ by
a finite extension, we may assume that

(iv) χ(IK′) has values in VE .
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Note that χ coincides with
∏
σ∈ΓE

σ−1 ◦ χhσ

σE on IK′ by (i) and the set {nσ | σ ∈ ΓF } is the

set of Hodge-Tate weights of F (ψ). Put IabK′ = Gal(K ′ab/K ′ur), Iab
k̃

= Gal(k̃ab/k̃ur), N ′ =

Gal(K ′urK ′
χ/K

′ur) and Ñ = Gal(k̃urk̃χ/k̃
ur). Since ψ restricted to GK′

χ
is trivial, ψ|IK′ factors

through N ′. We have the following commutative diagram.

O×
K′

≃
ArtK′

//

NrK′/k̃

��

IabK′
res //

res

��

N ′ ψ //

res

��

K ′×
_�

��

O×
k̃

≃
Artk̃

// Iab
k̃

res // Ñ Q×
p

Here, “Nr”, “res” and “Art” stand for the norm, the restriction and the local Artin map (with

arithmetic normalization), respectively. We claim that there exists a homomorphism ψ̂ : Ñ → Q×
p

which makes the above diagram commutative. It follows from the condition (iv) that we may
regard N ′ as a closed submodule of VE via χ. In particular, N ′ is a sub Zp-module of VE . By an

elementary divisor theory, we may identify VE and N ′ with ⊕[E:Qp]
i=1 Zp and ⊕[E:Qp]

i=1 pniZp for some

0 ≤ ni ≤ ∞, respectively. Thus we see that there exists an extension VE → Q×
p of ψ : N ′ → K ′×.

Moreover, it extends to some character O×
E → Q×

p . Composing this with χ : Ñ → O×
E , we obtain

the desired ψ̂.
We regard ψ as a character of O×

K′ via local class field theory. Then, we have

ψ(x) =
∏
σ∈ΓF

σ−1NrK′/σF (x
−1)nσ =

∏
σ′∈ΓK′

σ′−1(x−1)nσ′

for x ∈ O×
K′ since K ′/Qp is a Galois extension. Here, nσ′ := nσ′|F for σ′ ∈ ΓK′ . Then, it

follows from the existence of ψ̂ that we obtain
∏
σ′∈ΓK′ σ

′−1(x−1)nτσ′ =
∏
σ′∈ΓK′ σ

′−1(x−1)nσ′

for x ∈ O×
K′ and τ ∈ Gal(K ′/k̃). By [Oz, Lemma 2.4], we have nσ′ = nρ′ for σ′, ρ′ ∈ ΓK′

with σ′|k̃ = ρ′|k̃. For any σ ∈ Γk̃, we define rσ := nσ′ for a lift σ′ ∈ ΓK′ of σ. Then we have
ψ(x) =

∏
σ∈Γk̃

σ−1NrK′/k̃(x
−1)rσ for x ∈ O×

K′ . This implies that we have

ψ =
∏
σ∈Γk̃

σ−1 ◦ χrσ
k̃

(3.1)

on IK′ where χk̃ is the restriction to Ik̃(⊃ IK′) of the Lubin-Tate character associated with a

uniformizer of k̃. On the other hand, we have

χ =
∏
σ∈ΓE

σ−1 ◦ χhσ

σE =
∏
σ∈ΓE

σ−1 ◦

 ∏
τ∈Γk̃,τ |σE=1

τ ◦ χk̃

hσ

=
∏
σ∈Γk̃

σ−1 ◦ χh̃σ

k̃
(3.2)

on IK′ where h̃σ := hσ|E for σ ∈ Γk̃.

Recall that û : Qp → Qp is a lift of u ∈ Γk̃ and h̃ = [k̃ : E]
∑
σ∈ΓE

hσ. We set r̃ :=
∑
σ∈Γk̃

rσ.

We remark that rσ is a Hodge-Tate weight of F (ψ) by definition. It follows from (3.1) and (3.2)

that we have
∏
u∈Γk̃

û ◦ ψ =
(∏

σ∈Γk̃
σ−1 ◦ χk̃

)r̃
and

∏
u∈Γk̃

û ◦ χ =
(∏

σ∈Γk̃
σ−1 ◦ χk̃

)h̃
on IK′ .

Hence we obtain  ∏
u∈Γk̃

û ◦ ψ

h̃

=

 ∏
u∈Γk̃

û ◦ χ

r̃

(3.3)

on IK′ . Since the restriction of ψ and χ to GK′
χ
is trivial and the residue field of kχ is finite, the

equality (3.3) holds on an open subgroup of GK′ .
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Remark 3.4. Suppose k = E is a Galois extension of Qp and χ = χπ : Gk → k× is the Lubin-Tate
character associated with a uniformizer π of k. The argument above shows Lemma 2.5 of [Oz]; if
ψ is as in Lemma 3.3, then we have

ψ =
∏
σ∈Γk

σ−1 ◦ χrσπ

on an open subgroup of GKk with some Hodge-Tate weight rσ of F (ψ). In fact, this follows
immediately from (3.1) and the assumption that the restriction of ψ to an open subgroup of Gkπ
is trivial.

3.2 The invariant δχ

We introduce a technical invariant for crystalline characters. The following observation of Conrad
plays an important role.

Proposition 3.5 ([Co, Proposition B.4]). Let E(χ) be the Qp-representation of Gk underlying a
1-dimensional E-vector space endowed with a E-linear action by Gk via χ.
(1) E(χ) is crystalline if and only if there exists a Qp-homomorphism χalg : k

× → E× such that
χ ◦Artk and χalg (on Qp-points) coincides on O×

k .
(2) Let k0 be the maximal unramified subextension of k/Qp and put f = [k0 : Qp]. Assume that
E(χ) is crystalline and let χalg be as in (1). (Note that E(χ−1) is also crystalline.) Then, the
filtered φ-module Dk

cris(E(χ−1)) = (Bcris ⊗Qp E(χ−1))Gk over k is free of rank 1 over k0 ⊗Qp E

and its k0-linear endomorphism φf is given by the action of the product χ(Artk(π)) ·χ−1
alg(π) ∈ E×.

Here, π is any uniformizer of k.

Definition 3.6. If E(χ) is crystalline and χalg is as in (1) of Proposition 3.5, then we set

δχ := χ(Artk(π)) · χ−1
alg(π) ∈ E

×.

Here, π is any uniformizer of k.

Note that δχ is independent of the choice of π by Proposition 3.5 (1). We also note that we
have δχ−1 = δ−1

χ by definition.

Example 3.7. Suppose k = E and χ is the Lubin-Tate character χπ : Gk → k× associated with a
uniformizer π of k. Then, the Qp-homomorphism χalg : k

× → k× corresponding to χπ is given by
x 7→ x−1. Thus we have δχπ

= π.

Definition 3.8. Let K/Qp be a finite extension of residual extension degree fK and K0/Qp the
maximal unramified subextension of K/Qp. We denote by ϕK0 : K0 → K0 the arithmetic Frobenius
of K0, that is, the (unique) lift of p-th power map on the residue field of K0.
(1) Let D be a ϕ-module over K0, that is, a finite dimensional K0-vector space with ϕK0

-semilinear
map ϕ : D → D. Then ϕfK : D → D is aK0-linear map. We call det(T−ϕfK | D) the characteristic
polynomial of D.
(2) For a Qp-representation V of GK , we set DK

cris(V ) := (Bcris ⊗Qp V )GK , which is a filtered
ϕ-module over K.

Lemma 3.9. Assume that χ : Gk → E× is crystalline. Let δχ ∈ E× be as in Definition 3.6. Let
k′ and E′ be finite extensions of k and E, respectively.
(1) α ∈ Qp is a root of the characteristic polynomial of the filtered ϕ-module Dk′

cris(E
′(χ−1)) over

k′ if and only if α = τ(δχ)
fk′/k for some τ ∈ ΓE.

(2) Assume that E′ is a Galois extension of Qp. Let Γ be a finite set of Qp-algebra homomor-
phisms Qp → Qp. Put χ̂ =

∏
û∈Γ û ◦ χnû for some integers nû. We regard χ̂ as a (crystalline)
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character from Gk to E′×. Then, any root of the characteristic polynomial of the filtered ϕ-module
Dk′

cris(E
′(χ̂−1)) over k′ is of the form ( ∏

τ∈ΓE

τ(δχ)
tτ

)fk′/k

for some integers tτ such that
∑
τ∈ΓE

tτ =
∑
û∈Γ nû. Furthermore, we can take each tτ as a

non-negative integer if nû ≥ 0 for any û ∈ Γ.

Proof. For any crystalline character ψ : Gk → E′×, the set of roots of the characteristic polynomial
of the filtered ϕ-module Dk′

cris(E
′(ψ)) over k′ is the fk′/k-th power of that of the filtered ϕ-module

Dk
cris(E

′(ψ)) over k. Hence it suffices to consider the case where k′ = k.
(1) By Proposition 3.5, it suffices to show that α ∈ Qp is a root of the characteristic polynomial
of the multiplication-by-(1 ⊗ δχ) map on the k0-vector space k0 ⊗Qp

E′ if and only if α is of
the form τ(δχ) for some τ ∈ ΓE . Since this characteristic polynomial coincides with that of
the multiplication-by-δχ map on the Qp-vector space E′, the result immediately follows (cf. [Ne,
Proposition 2.6]).
(2) For crystalline characters χ1, χ2 : Gk → E′×, roots of the characteristic polynomial ofDk

cris(E
′(χ1χ2))

is a product of those of Dk
cris(E

′(χ1)) and D
k
cris(E

′(χ2)) since we have a surjection Dk
cris(E

′(χ1))⊗k0
Dk

cris(E
′(χ2))→ Dk

cris(E
′(χ1χ2)) induced from the natural map E′(χ1)⊗Qp

E′(χ2)→ E′(χ1)⊗E′

E′(χ2) = E′(χ1χ2). Therefore, it suffices to show that, for any Qp-algebra homomorphism
û : Qp → Qp, any root of the characteristic polynomial of Dk

cris(E
′(û ◦ χ−1)) is of the form τ(δχ)

with some τ ∈ ΓE . Comparing traces of two Qp-representations E′(û ◦ χ−1) and E′(χ−1) of Gk,
we see that the semi-simplifications of them are isomorphic to each others. Hence we may assume
that û = id. Therefore, the result follows by (1).

4 Finiteness theorems for abelian extensions obtained by
crystalline characters

Let k and E be p-adic fields and χ : Gk → E× a continuous character. We assume that χ is
crystalline. We denote by kχ the definition field of χ and set Kχ := Kkχ for any p-adic field K.
By definition, we have ker(χ|GK

) = GKχ
. The aim of this section is to give some finiteness results

on torsion points G(Kχ)tor for commutative algebraic groups G over K, which are generalizations
of the main theorem of [Oz]. The invariant δχ ∈ E× for χ defined in the previous section plays a

crucial role for our results. Let k̃ be the Galois closure of kE/Qp and set d̃ := [k̃ : Qp].

Theorem 4.1. Let χ : Gk → E× be a crystalline character. Assume that the following two condi-
tions hold.

(H1) The residue field of kχ is finite.

(H2) The sum hE(χ) of all Hodge-Tate weights (with multiplicity) of the Qp-representation E(χ)
is not zero.

Furthermore, we consider the following conditions.

(W)’ NrE/Qp
(δχ) is a qk-Weil number of weight hE(χ)d̃/c for some integer 1 ≤ c ≤ d̃. If hE(χ) > 0,

we furthermore have that NrE/Qp
(δχ) is an algebraic integer.

(µ)’ q
−hE(χ)

k NrE/Qp
(δχ) is a root of unity.

(1) Assume that (W)’ does not hold. Then, the torsion subgroup A(Kχ)tor of A(Kχ) is finite for
any p-adic field K and any abelian variety A over K with potential good reduction.
(2) Assume that neither (W)’ nor (µ)’ holds. Then, the torsion subgroup G(Kχ)tor of G(Kχ) is
finite for any p-adic field K and any commutative algebraic group G over K.
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Applying the above theorem to the case where k = E and χ is the Lubin-Tate character
associated with a uniformizer of k, we can recover the main theorem of [Oz] with a slight refinement
for the weight of a Weil number. We remark that the condition hE(χ) > 0 appeared in (W) is
harmless since kχ = kχ−1 and δ−1

χ = δχ−1 . If hE(χ) is zero, we have

Theorem 4.2. Let χ : Gk → E× be a crystalline character. Assume that the following two condi-
tions hold.

(H1) The residue field of kχ is finite.

(H2) The sum of all Hodge-Tate weights (with multiplicity) of the Qp-representation E(χ) is zero.

Then, the torsion subgroup G(Kχ)tor of G(Kχ) is finite for any p-adic field K and any commutative
algebraic group G over K.

4.1 Proof of Theorem 4.1

We show Theorem 4.1. Throughout this section, we assume the conditions (H1) and (H2) in the
theorem. We have χ =

∏
σ∈ΓE

σ−1◦χhσ

σE on an open subgroup of the inertia IkẼ for some integer hσ.

Here, Ẽ is the Galois closure of E/Qp. Note that {hσ | σ ∈ ΓE} is the set of Hodge-Tate weights

of E(χ). Thus h := hE(χ) in the condition (H2) is equal to
∑
σ∈ΓE

hσ. We put h̃ := [k̃ : E] · h. In
the rest of this section, we fix the choice of a lift û : Qp → Qp for each u ∈ Γk̃.

Proof of Theorem 4.1 (1). Assume that A(Kχ)tor is infinite. We may assume that A has good
reduction over K. Since Kχ has a finite residue field and the reduction map of A restricted to
the prime to p-part is injective, we see that the prime to p-part of A(Kχ)tor is finite. Thus our
assumption implies that A(Kχ)[p

∞] is infinite. This is equivalent to the condition that Vp(A)
GKχ

is non-zero. Since the GK-action on the dual (Vp(A)
GKχ )∨ of Vp(A)

GKχ factors through an abelian
quotient, if we take a p-adic field F large enough, we know that any irreducible non-zero GK-stable
F -submodule V of (Vp(A)

GKχ )∨ ⊗Qp
F is 1-dimensional. We take such F so that it contains E

and it is a Galois extension of Qp. Let ψ : GK → GLF (V ) ' F× be the character obtained by
the GK-action on V . We note that V is crystalline and its Hodge-Tate weights are in {0,−1}.
Replacing K by a finite extension of itself and k, by (H1) and Lemma 3.3, we have ∏

u∈Γk̃

û ◦ ψ

h̃

=

 ∏
u∈Γk̃

û ◦ χ

r̃

on GK for some −d̃ ≤ r̃ ≤ 0 (here, we recall that d̃ = [k̃ : Qp]). We set χ̂ :=
(∏

u∈Γk̃
û ◦ ψ

)h̃
=(∏

u∈Γk̃
û ◦ χ

)r̃
.

Let α be a root of the characteristic polynomial of the filtered ϕ-module DK
cris(F (χ̂

−1)) over

K. Since χ̂ has two decompositions
(∏

u∈Γk̃
û ◦ ψ

)h̃
and

(∏
u∈Γk̃

û ◦ χ
)r̃

, we can study α from

two perspectives. First we focus on χ̂ =
(∏

u∈Γk̃
û ◦ ψ

)h̃
. We consider the invariant δψ ∈ F× for

ψ. (Note that we have δψ−1 = δ−1
ψ by definition.) It follows from Lemma 3.9 (2) (with “χ := ψ”,

“E′/E := F/F”, “k′/k := K/K”) that α is of the form

α =
∏
τ∈ΓF

τ(δψ)
sτ

for some integers sτ such that
∑
τ∈ΓF

sτ = h̃d̃. Furthermore, Lemma 3.9 (1) shows that τ(δψ−1) is a

root of the characteristic polynomial of the filtered ϕ-module DK
cris(F (ψ)) over K. Since F (ψ) = V
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is a subquotient representation of Vp(A)
∨ ⊗Qp

F , the element τ(δψ−1) is also a root of that of the
filtered ϕ-module DK

cris(Vp(A)
∨) over K. The Weil conjecture implies that τ(δψ−1) is a qK-Weil

integer of weight 1. Hence α−1 =
∏
τ∈ΓF

τ(δψ−1)sτ is a qK-Weil number of weight h̃d̃. Note that

α−1 is in fact an algebraic integer if h̃ > 0 since we can take each sτ as a non-negative integer in

this case. On the other hand, since χ̂ =
(∏

u∈Γk̃
û ◦ χ

)r̃
, it follows from Lemma 3.9 (2) that α is

of the form

α =

( ∏
τ∈ΓE

τ(δχ)
tτ

)fK/k

for some integers tτ such that
∑
τ∈ΓE

tτ = r̃d̃. Hence we conclude that α−1 =
(∏

τ∈ΓE
τ(δχ)

−tτ
)fK/k

is a qK-Weil number of weight h̃d̃, and thus α0 :=
∏
τ∈ΓE

τ(δχ)
−tτ is a q-Weil number of weight

h̃d̃. If we denote by Ẽ the Galois closure of E/Qp, then we have

NrẼ/Qp
(α0) = NrẼ/Qp

(δχ)
∑

τ∈ΓE
(−tτ ) = NrE/Qp

(δχ)
−r̃d̃[Ẽ:E].

On the other hand, NrẼ/Qp
(α0) is a q-Weil number of weight h̃d̃ · [Ẽ : Qp]. Since h̃ = [k̃ : E] · h is

not zero by the assumption (H2), we obtain that r̃ is not zero and NrE/Qp
(δχ) is a q-Weil number

of weight −r̃−1h̃ · [Ẽ : E]−1[Ẽ : Qp] = −r̃−1hd̃. Furthermore, NrE/Qp
(δχ) is an algebraic integer if

h̃ > 0 since so is α0. This contradicts the assumption (W)’.

Proof of Theorem 4.1 (2). By (1) and Corollary 2.4, it suffices to show that the set µ∞(Kχ) is
finite for any finite extension K of k. Assume that µ∞(Kχ) is infinite for some finite extension
K of k. By the assumption (H1), we know that the prime-to-p part of µ∞(Kχ) is finite. Thus
the p-part of µ∞(Kχ) is infinite. This implies that Kχ contains all p-power roots of unity, that
is, the p-adic cyclotomic character χp : GK → Q×

p is trivial on GKχ
. Applying Lemma 3.3 and

replacing K by a finite extension, we have
(∏

u∈Γk̃
û ◦ χp

)h̃
=
(∏

u∈Γk̃
û ◦ χ

)d̃
on GK . This

implies χd̃h̃p =
(∏

u∈Γk̃
û ◦ χ

)d̃
on GK . Set χ̂ :=

(∏
u∈Γk̃

û ◦ χ
)d̃

. The characteristic polynomial

of the filtered ϕ-module DK
cris(F (χ

−d̃h̃
p )) over K has a unique root pd̃h̃fK/Qp = qd̃h̃fK/k . As we have

seen in the proof of Theorem 4.1 (1), if α is a root of the characteristic polynomial of the filtered

ϕ-module DK
cris(F (χ̂

−1)) over K, we have α =
(∏

τ∈ΓE
τ(δχ)

tτ
)fK/k for some integers tτ such that∑

τ∈ΓE
tτ = d̃2. Since χd̃h̃p = χ̂ on GK , we obtain( ∏

τ∈ΓE

τ(δχ)
tτ

)fK/k

= qd̃h̃fK/k .

Denote by Ẽ the Galois closure of E/Qp. Taking NrẼ/Qp
to both sides of the above equality, we

have
NrE/Qp

(δχ)
[Ẽ:E]d̃2fK/k = q[Ẽ:Qp]d̃h̃fK/k .

However, this contradicts the assumption that (µ)’ does not hold.

4.2 Proof of Theorem 4.2

We show Theorem 4.2. We assume the conditions (H1) and (H2) in the theorem. Replacing E by
a finite extension, we may assume that E is a Galois extension of Qp. Also, replacing k by a finite

extension, we may assume that k contains E, k is a Galois extension of Qp and χ =
∏
σ∈ΓE

σ−1χhσ

E

on Ik. Note that we have
∑
σ∈ΓE

hσ = 0 by (H2). Let k′ be the maximal unramified extension of
k contained in kχ. Since the residue field of kχ is finite, we know that k′ is a finite extension of k
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and we have χ(Gk′) = χ(Ik′). Furthermore, we see that k′ is a Galois extension of Qp since k′/k
is unramified and k/Qp is a Galois extension. Hence, replacing k by a finite extension again, we
may assume χ(Gk) = χ(Ik). We regard χ as a character of Gab

k . Take a uniformizer π of k. Since

we have χ(Gk) = χ(Ik) and χ =
∏
σ∈ΓE

σ−1 ◦χhσ

E on Ik, there exists an element γ ∈ O×
k such that

χ ◦Artk(π) =
∏
σ∈ΓE

σ−1Nrk/E(γ)
hσ .

For any integer n prime to p, put πn = πγn. Then πn is an uniformizer of k. Let χπn
: Gk → k×

be the Lubin-Tate character associated with πn and we set

χn :=
∏
σ∈ΓE

 ∏
τ∈Γk,τ |E=σ

τ−1 ◦ χπn

hσ

: Gk → k×.

We regard χπn and χn as characters of Gab
k . By definition, we have χπn ◦ Artk(π) = γn. Since∑

σ∈ΓE
hσ = 0, we have

χn ◦Artk(π) =
∏
σ∈ΓE

 ∏
τ∈Γk,τ |E=σ

τ−1(γn)

hσ

=
∏
σ∈ΓE

σ−1Nrk/E(γn)
hσ

=
∏
σ∈ΓE

σ−1Nrk/E(γ)
hσ = χ ◦Artk(π).

Furthermore, we see
∏
τ∈Γk,τ |E=σ τ

−1 ◦ χπn
= σ−1 ◦ χE on Ik and thus we obtain χn = χ on Ik.

We conclude that χn = χ on Gk by local class field theory. In particular, kχ is a subfield of kπn

for every integer n prime to p. Since Nrk/Qp
(δχπn

) = Nrk/Qp
(πn) = n[k:Qp]Nrk/Qp

(πγ), we can
choose n so that neither (W)’ nor (µ)’ in the statement of Theorem 4.1 for δχπn

holds. Therefore,
Theorem 4.1 shows that kχ satisfies the desired property. This completes the proof.

5 The field K̃

We use the same notation k, π, φ, . . . , K̃ as in the Introduction. In this section, we study some
basic properties of the field K̃. Furthermore, applying results in the previous section to Lubin-Tate
characters, we show theorems given in the Introduction. The theory of Lubin-Tate formal groups
plays a key role here. It may be helpful for the readers to refer [Iw], [La] and [Yo] for standard
properties of Lubin-Tate formal groups.

5.1 Formal groups and K̃

Let Fϕ = Fϕ(X,Y ) ∈ Ok[[X,Y ]] be the formal Ok-module corresponding to φ, and denote by
[·]ϕ : Ok → EndOk

(Fϕ) the ring homomorphism corresponding to the Ok-action on Fϕ. Note that
we have [π]ϕ = φ. We also note that, for any algebraic extension L of k, Fϕ(mL) = mL is
equipped with an Ok-module structure via Fϕ, that is, x ⊕ y := Fϕ(x, y) and a.x := [a]ϕ(x) for
x, y ∈ Fϕ(mL) and a ∈ Ok. By definition, kπ is the extension field of k obtained by adjoining
all π-power torsion points of Fϕ. The isomorphism class of the formal Ok-module Fϕ depends
not on φ but on π, and thus the field kπ is independent of the choice of φ. It follows from local
class field theory that kπ is a totally ramified abelian extension of k, and the composite field of
kπ and the maximal unramified extension kur of k coincides with the maximal abelian extension
kab of k. The set Fϕ[π

n]ϕ of πn-torsion points of Fϕ is a free Ok/πnOk-module of rank one and
Tπ := lim←−Fϕ[π

n]ϕ is a free Ok-module of rank one. The Galois group Gk acts on Tπ by the Lubin-

Tate character χπ : Gk → O×
k . If we regard χπ as a continuous character k× → k× by the local
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Artin map with arithmetic normalization, then χπ is characterized by the property that χπ(π) = 1
and χπ(u) = u−1 for any u ∈ O×

k . For any a ∈ mK , we denote by Kϕ,a the extension filed of K
obtained by adjoining to K all x ∈mK such that φn(x) = a for some n ≥ 1. We see that the field

K̃ given in the Introduction is equal to the composite field of all Kϕ,a for all a ∈mK .

Proposition 5.1. (1) Kϕ,0 = Kkπ.

(2) K̃ does not depend on the choice of φ. Thus the field K̃ is determined by K, k and π.

Proof. (1) The result follows immediately from the equation [πn]ϕ(X) = φn(X).
(2) Take any φ′ = φ′(X) ∈ Ok[[X]] with the property that φ′(X) ≡ Xq mod π and φ′(X) ≡
πX mod X2. Let Fϕ′ = Fϕ′(X,Y ) ∈ Ok[[X,Y ]] be the formal Ok-module corresponding to φ′. By

[La, Chapter 8, Theorem 3.1], there exists an isomorphism of formal Ok-modules θ : Fϕ
∼→ Fϕ′ .

This θ is an element of XOk[[X]] and satisfies θ(X) ≡ X mod X2. Note that there exists a unique
θ−1 ∈ XOk[[X]] such that θ ◦ θ−1 = θ−1 ◦ θ = X and θ−1 is an inverse of θ : Fϕ

∼→ Fϕ′ . For the
proof, it is enough to show Kϕ,a = Kϕ′,θ(a) for any a ∈mK . Take any x ∈mK such that φn(x) = a
for some n > 0. Put y = θ(x). Then, y ∈mK and we have

θ(a) = θ ◦ φn(x) = θ ◦ [πn]ϕ(x) = [πn]ϕ′ ◦ θ(x) = [πn]ϕ′(y) = φ′n(y).

Hence we have y ∈ Kϕ′,θ(a). Since θ
−1 is an element of Ok[[X]], we have x = θ−1(y) ∈ Kϕ′,θ(a). This

shows Kϕ,a ⊂ Kϕ′,θ(a). The converse inclusion Kϕ,a ⊃ Kϕ′,θ(a) follows by a similar argument.

Example 5.2. Suppose K = Qp and π = p > 2. We check that the field K̃ is just K((O×
K)1/p

∞
).

Choosing φ(X) to be (1 + X)p − 1, we see that K̃ = K((1 + mK)1/p
∞
), which is a subfield of

K((O×
K)1/p

∞
). Take any integer n > 0 and any αn such that α := αp

n

n is an element of O×
K . Since

p > 2, we have α = ζ(1 + α′) for some ζ ∈ µqK−1 and α′ ∈mK . Since pn-th roots of ζ and 1 + α′

are elements of µqK−1 and Kϕ,α′ , respectively, we see αn ∈ K̃. This shows K((O×
K)1/p

∞
) ⊂ K̃.

We set G := Gal(K̃/K) and H := Gal(K̃/Kkπ). We often regard the Lubin-Tate character χπ
as characters of GK , G and G/H ' Gal(Kkπ/K).

Lemma 5.3. Let σ ∈ G. Assume that χπ(σ) is a rational integer. Then we have στσ−1 = τχπ(σ)

for any τ ∈ H.

Proof. For the proof, it suffices to show

στσ−1x = τχπ(σ)x

for any τ ∈ H and x ∈ mK with φn(x) ∈ mK for some n > 0. We set x(ρ) := ρx 	 x for any
ρ ∈ G. It is not difficult to check that x(ρ) ∈ Fϕ[πn]ϕ, x(ρ)⊕ρx(ρ−1) = 0 and [m]ϕx(τ)⊕x = τmx
for any m ∈ Z. Furthermore, we note that G acts on Fϕ[π

n]ϕ by χπ, H acts trivially on Fϕ[π
n]ϕ

and H is a normal subgroup of G. Therefore, we have

στσ−1x = στ(x⊕ x(σ−1)) = στ(x	 σ−1x(σ))

= στx	 στσ−1x(σ) = σ(x⊕ x(τ))	 x(σ)
= σx(τ)⊕ (σx	 x(σ)) = [χπ(σ)]ϕx(τ)⊕ x
= τχπ(σ)x

as desired.

In particular, we see that H is abelian since χπ|H is trivial. We study more precise information
about H in the next section.

The following two propositions are essentially shown by Kubo and Taguchi (cf. [KT, Lemmas
2.2 and 2.3]) but we include a proof for the sake of completeness.
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Proposition 5.4. Let E be a topological field and ρ : G → GLE(V ) an continuous E-linear rep-
resentation of G of dimension n.
(1) There exists a integer m > 0 depending only on K/k, π and n such that Hm acts unipotently
on V .
(2) There exists a finite index subgroup H ′ of H such that H ′ acts unipotently on V .

Proof. (1) Take any τ ∈ H. Let λ1, . . . , λn be the eigenvalues of ρ(τ). Since χπ : G→ O×
k has an

open image, there exists an integer c ≥ 0 such that 1 + pc = χπ(σ) for some σ ∈ G. Note that
the choice of c depends only on K/k and π. By Lemma 5.3, we have ρ(στσ−1) = ρ(τ)1+p

c

. This

gives the equality {λ1, . . . , λn} = {λ1+p
c

1 , . . . , λ1+p
c

n } as multisets of n-elements. In other words,
the multiplication-by-(1 + pc) gives a permutation on the multiset {λ1, . . . , λn}. Hence, for any

1 ≤ i ≤ n, there exists an integer 1 ≤ r ≤ n such that λ
(1+pc)r

i = λi. If we denote by m the least
common multiple of integers (1 + pc)r − 1 for 1 ≤ r ≤ n, then we have λmi = 1 for any i. This
shows that τm acts unipotently on V . Since m depends only on K/k, π and n, we obtained the
desired result.
(2) Since H is abelian, if we take a finite extension E′ of E large enough, the semisimplification of
the restriction of V ⊗E E′ to H is a direct sum of characters H → E′×. It follows from (1) that
these characters have finite images. Thus the result follows.

We denote by F,Fπ and F̃ the residue fields of K, Kkπ and K̃, respectively. Note that Fπ is a
finite field since kπ/k is totally ramified. Let c = c(K/k, π) be the minimum integer t ≥ 0 so that
1 + pt ∈ χπ(GK) (such c exists since χπ : GK → O×

k has an open image).

Proposition 5.5. The residue field F̃ of K̃ is finite. Moreover, the extension degree [F̃ : F] is a
divisor of pc[Fπ : F].

Proof. Take σ ∈ G such that 1 + pc = χπ(σ). By Lemma 5.3, we have τp
c

= στσ−1τ−1 ∈ (G,G)

for any τ ∈ H. On the other hand, the closure (G,G) of (G,G) in G is the Galois group Gal(K̃/M)

where M is the maximal abelian extension of K contained in K̃. Thus we have Hpc ⊂ (G,G) =

Gal(K̃/M) ⊂ H. This gives natural surjections

H/Hpc ↠ H/(G,G) = Gal(M/Kkπ) ↠ Gal(F̃/Fπ).

In particular, the Galois group Gal(F̃/Fπ) is killed by pc and hence Gal(F̃/F) is killed by pcf where

f := [Fπ : F]. Thus the surjection Ẑ ' Gal(F/F) ↠ Gal(F̃/F) factors through Ẑ/pcf Ẑ ' Z/pcfZ.
This finishes the proof.

Remark 5.6. (1) If p 6= 2 and K = k, then K̃/K is totally ramified. In fact, we have c = 0 and
Fπ = F in this case.
(2) Let eK/k be the ramification index of K/k. Since kπ/k is totally ramified, we see the inequality

[Fπ : F] ≤ eK/k. Hence we obtain [F̃ : F] ≤ pceK/k.

5.2 The Galois group of K̃/Kkπ

The goal of this section is to show the following.

Theorem 5.7. K̃ is a Z⊕[K:Qp]
p -extension of Kkπ.

Since an extension of a p-adic Lie group by a p-adic Lie group is again a p-adic Lie group (cf.
[GW, Lemma 9.1]), we have

Corollary 5.8. K̃/K is a p-adic Lie extension.

Let c = c(K/k, π) be the integer defined in the previous section.
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Corollary 5.9. The maximal abelian extension M of K contained in K̃ is a finite extension of
Kkπ. Moreover, the extension degree [M : Kkπ] is a divisor of pc[K:Qp].

Proof. We use the same notation as the proof of Proposition 5.5. By Theorem 5.7, we know that
H/Hpc is of order pc[K:Qp]. Thus the result follows from Hpc ⊂ Gal(K̃/M) ⊂ H.

In the rest of this section, we give a proof of Theorem 5.7. Since K̃ does not depend on the
choice of φ by Proposition 5.1, for the proof of the theorem, we may suppose that φ is a polynomial
of degree q. Let a ∈ mK . For any integer n > 0, we denote by Kϕ,a,n the extension filed of K
obtained by adjoining to K all x ∈ mK such that φn(x) = a. In other words, Kϕ,a,n is the
extension filed of K obtained by adjoining to K all πn-th roots of a in Fϕ. Note that Kϕ,a,n is a
Galois extension of K and we have Kϕ,a,n = K(an, Fϕ[π

n]ϕ). Here, an is any πn-th root of a in Fϕ
(note that the set of the roots of φn(X) = a is just an ⊕ Fϕ[πn]ϕ). By definition, Kϕ,a is equal to
the composite field of all Kϕ,a,n for all n.

Lemma 5.10. Let a, b ∈mK . We have Kϕ,a = Kϕ,b if any one of the following hold.
(1) a	 b is torsion in Fϕ.
(2) a = [λ]ϕ(b) for some non-zero λ ∈ Ok.

Proof. (1) Let n > 0 be an integer and take any x ∈ mK such that [πn]ϕ(x) = a. It suffices
to show that x is an element of Kϕ,b. Taking any bn ∈ mK such that [πn]ϕ(bn) = b, we have
[πn]ϕ(x 	 bn) = a 	 b. By the assumption, we have x 	 bn ∈ Fϕ[πm]ϕ for some m large enough.
This shows that x is an element of Kϕ,b,m(⊂ Kϕ,b).
(2) It suffices to consider the cases where λ ∈ O×

k and λ = πm.
Assume that λ ∈ O×

k . Let n > 0 be an integer and take any x ∈ mK such that [πn]ϕ(x) = a.
We have [πn]ϕ([λ

−1]ϕ(x)) = b and thus [λ−1]ϕ(x) is an element of the maximal ideal of Kϕ,b,n.
Since [λ]ϕ(X) ∈ Ok[[X]], we have x = [λ]ϕ([λ

−1]ϕ(x)) ∈ Kϕ,b,n ⊂ Kϕ,b. This shows Kϕ,a ⊂ Kϕ,b.
The converse inclusion Kϕ,a ⊃ Kϕ,b follows by the same way.

Next we assume λ = πm. It is not difficult to check that x ∈ mK satisfies [πn]ϕ(x) = a for
n ≤ m (resp. n > m) if and only if x 	 [πm−n]ϕ(b) ∈ Fϕ[πn]ϕ (resp. x 	 bn−m ∈ Fϕ[πn]ϕ). Here,
bn−m is an element of mK such that [πn−m]ϕ(bn−m) = b. Thus Kϕ,a,n is equal to K(Fϕ[π

n]ϕ)
(resp. K(bn−m, Fϕ[π

n]ϕ)). Now the result follows.

Let a1, . . . , ar be elements of Fϕ(mK). We define a continuous homomorphism

ϕi : GKkπ → Tπ

as follows: Take a system (a
(n)
i )n≥0 in mK such that a

(0)
i = ai and [π]ϕ(a

(n+1)
i ) = a

(n)
i for any n,

and define a homomorphism ϕ
(n)
i : GKkπ → Fϕ[π

n]ϕ by ϕ
(n)
i (σ) := σ(a

(n)
i )	 a(n)i . We define ϕi to

be the inverse limit of (ϕ
(n)
i )n≥0. It is not difficult to check that each ϕ

(n)
i , and thus also ϕi, is

independent of the choice of (a
(n)
i )n≥0. By definition, the extension field of Kkπ corresponding to

the kernel of ϕi is Kϕ,ai . We define a continuous homomorphism

Φ: GKkπ → ⊕ri=1Tπ

by Φ = ϕ1 ⊕ · · · ⊕ ϕr. Note that the extension field KΦ of Kkπ corresponding to the kernel of Φ
is Kϕ,a1 · · ·Kϕ,ar , that is, the composite field of Kϕ,a1,n · · ·Kϕ,ar,n for all n. Note that we have an
isomorphism

Fϕ(mK) ' O⊕[K:k]
k ⊕ (a finite π-power torsion group)

of Ok-modules.

Lemma 5.11. Assume that the images of a1, . . . , ar in Fϕ(mK)/(tor) generate the free Ok-module

Fϕ(mK)/(tor) (thus r ≥ [K : k]). Then, we have K̃ = KΦ.
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Proof. Let x ∈ mK . It suffices to show Kϕ,x ⊂ KΦ. Take λ1, . . . , λr ∈ Ok such that x 	
([λ1]ϕ(a1) ⊕ · · · ⊕ [λr]ϕ(ar)) is torsion. By Lemma 5.10 (1), we have Kϕ,x = Kϕ,y where y =
[λ1]ϕ(a1) ⊕ · · · ⊕ [λr]ϕ(ar). Thus we may assume x = y. For any n > 0 and any j ∈ {1, 2, . . . , r},
take a

(n)
j ∈ mK such that [πn]ϕ(a

(n)
j ) = aj . Set x(n) := [λ1]ϕ(a

(n)
1 ) ⊕ · · · ⊕ [λr]ϕ(a

(n)
r ). Then

[πn]ϕ(x
(n)) = x and the set of πn-th roots of x in Fϕ is x(n) ⊕ Fϕ[πn]ϕ. Hence, we obtain

Kϕ,x,n = K(x(n), Fϕ[π
n]ϕ) ⊂ K(a

(n)
1 , . . . , a(n)r , Fϕ[π

n]ϕ) ⊂ Kϕ,a1 · · ·Kϕ,ar = KΦ

for any n. This shows Kϕ,x ⊂ KΦ as desired.

We say that a1, . . . , ar are linearly independent over Ok if no non-trivial linear combination∑r
i=1[λi]ϕ(ai) with λi ∈ Ok vanishes. We remark that, if a1, . . . , ar are linearly independent over

Ok, then it implies r ≤ [K : k].

Lemma 5.12. Assume that a1, . . . , ar are linearly independent over Ok.
(1) If λ1ϕ1 + · · ·+ λrϕr = 0 for λ1, . . . , λr ∈ Ok, then we have λ1 = · · · = λr = 0.
(2) The map Φ: GKkπ → ⊕ri=1Tπ has an open image.

(3) KΦ is a Z⊕r·[k:Qp]
p -extension of Kkπ.

To show this lemma, we use the following.

Lemma 5.13. The continuous cohomology group H1(Kkπ/K, Tπ) is finite.

Proof. Take a positive integerm large enough. We may suppose that the image of χπ : Gal(Kkπ/K)→
O×
k contains 1+πmOk. Let K ′ be the subfield of Kkπ/K such that χπ(Gal(Kkπ/K

′)) = 1+πmOk.
In particular, Kkπ/K

′ is a Zdp-extension where d := [k : Qp]. Take a subfield M in Kkπ/K
′ with

the property that Kkπ/M is a Zp-extension. Let σ0 be a topological generator of Gal(Kkπ/M)
and c the positive integer such that π−c(χπ(σ0) − 1) ∈ O×

k . Now we consider the following exact
sequence

0→ H1(M/K ′, TGal(Kkπ/M)
n )→ H1(Kkπ/K

′, Tn)→ H1(Kkπ/M, Tn)

where Tn := Tπ/π
nTπ. For any n > c, we have

– H1(Kkπ/M, Tn) ' Tn/(σ0 − 1)Tn = Tn/π
cTn (cf. [Wa, §1]), and

– T
Gal(Kkπ/M)
n = T σ0=1

n = πn−cTn.

In particular, pc vanishes H1(Kkπ/M, Tn) and T
Gal(Kkπ/M)
n for any n. Thus we see that p2c

vanishes p2cH1(Kkπ/K
′, Tn). Since we have an exact sequence

0→ H1(K ′/K, TGal(Kkπ/K
′)

n )→ H1(Kkπ/K, Tn)→ H1(Kkπ/K
′, Tn),

we obtain the fact that p3c vanishesH1(Kkπ/K, Tn). Since we have an isomorphismH1(Kkπ/K, Tπ) '
lim←−nH

1(Kkπ/K, Tn) (cf. [NSW, Chapter II, Corollary 2.7.6]), we see that H1(Kkπ/K, Tπ) is killed

by p3c. Hence the proof finishes if we show that H1(Kkπ/K, Tπ) is a finitely generated Zp-module.
We have an injection H1(Kkπ/K, Tπ)/pH

1(Kkπ/K, Tπ) ↪→ H1(Kkπ/K, Te) where e is the ramifi-
cation index of k/Qp. Since Gal(Kkπ/K), isomorphic to an open subgroup of O×

k , is topologically
finitely generated, we see that the set of continuous 1-cocycles from Gal(Kkπ/K) to Te is finite.
HenceH1(Kkπ/K, Te) is finite, and thus so isH1(Kkπ/K, Tπ)/pH

1(Kkπ/K, Tπ). By [NSW, Chap-
ter II, Corollary 2.7.9], we obtain the fact that H1(Kkπ/K, Tπ) is a finitely generated Zp-module
as desired.

Proof of Lemma 5.12. We follow the proofs of Lemmas 2.12 and 2.13 of [BGK].
(1) We define an Ok-linear map ξn : Fϕ(mK)/[πn]ϕFϕ(mK) → H1(Kkπ, Fϕ[π

n]ϕ) to be the com-
posite of the Kummer map Fϕ(mK)/[πn]ϕFϕ(mK) ↪→ H1(K,Fϕ[π

n]ϕ) and the restriction map
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H1(K,Fϕ[π
n]ϕ) → H1(Kkπ, Fϕ[π

n]ϕ). We have ξn(ai mod [πn]ϕFϕ(mK)) = ϕ
(n)
i . Since Fϕ(mK)

is π-adically complete, by taking the inverse limit of (ξn)n, we obtain a morphism

ξ : Fϕ(mK) ↪→ H1(K,Tπ)→ H1(Kkπ, Tπ)

of Ok-modules (here, we use [NSW, Chapter II, Corollary 2.7.6]). By definition, we have ξ(ai) = ϕi
for any i. By the equation λ1ϕ1+ · · ·+λrϕr = 0, we obtain ξ([λ1]ϕ(a1)⊕· · ·⊕ [λr]ϕ(ar)) = 0. Since
the kernel of the restriction map H1(K,Tπ)→ H1(Kkπ, Tπ) is isomorphic to H1(Kkπ/K, Tπ) and
this is finite by Lemma 5.13, we obtain that [λ1]ϕ(a1)⊕· · ·⊕[λr]ϕ(ar) is an torsion element of the Ok-
module Fϕ(mK). Since a1, . . . , ar are linearly independent over Ok, we obtain λ1 = · · · = λr = 0.
(2) Put V = Tπ ⊗Zp Qp = Tπ ⊗Ok

k and W = ⊕ri=1V . Then W is a semi-simple k[GK ]-module
and its GK-action factors through Gal(Kkπ/K). Set M := Im(Φ)⊗Zp

Qp. Since we have τΦ(σ) =
Φ(τστ−1) for any τ ∈ GK and σ ∈ GKkπ , Im(Φ) is a Zp[GK ]-stable submodule of ⊕ri=1Tπ. (The
author does not know whether the Ok-action on ⊕ri=1Tπ preserves Im(Φ) or not.) In particular,
M is a Qp[GK ]-stable submodule of W .

We claim that M is a k-stable submodule of W . Put Gπ := χπ(GK). This is an open subgroup
of GLOk

(Tπ) = O×
k and Zp[Gπ] is a Zp-subalgebra of EndOk

(Tπ) = Ok. We see that Zp[Gπ] is
open in Ok (in fact, if we take m > 0 large enough so that 1 + πmOk ⊂ Gπ, then Zp[Gπ] contains
πmOk). Thus we have Qp[Gπ] = Endk(V ) = k. Since Zp[Gπ]-action on ⊕ri=1Tπ preserves Im(Φ),
the claim follows.

We show M = W . Assume that M is strictly smaller than W . Since W is semi-simple
as a k[GK ]-module, there exists a k[GK ]-stable submodule M1 of W such that W = M ⊕M1.
By the assumption, we know that M1 is not zero. Take an integer i such that the projection
to the i-th component pi : W → V does not vanishes M1. Let η : W → V be the composite of
0M⊕idM1

: W =M⊕M1 →M⊕M1 =W and pi. By definition, η is a morphism of k[GK ]-modules
and we have η|M = 0 and η|M1

6= 0. We denote by ηj : V → V the composite of the injection
V ↪→ W to the j-th component and η. We see η(v) =

∑r
j=1 ηj(vj) for any v = (v1, . . . , vr) ∈ W .

Since ηj ∈ Endk(V ), we may regard ηj as an element of k. Then, we have η(v) =
∑r
j=1 ηjvj for

any v = (v1, . . . , vr) ∈W . Since η|M = 0, we obtain

r∑
j=1

ηj(ϕj(σ)⊗ 1) = 0

for any σ ∈ GKkπ (here, we consider ϕj(σ) ⊗ 1 as an element of the tensor product Tπ ⊗Ok
k).

Taking N > 0 large enough so that πNηj ∈ Ok for all j, we have r∑
j=1

πNηjϕj(σ)

⊗ 1 = 0.

Since the natural map Tπ → V is injective, we obtain
∑r
j=1 π

Nηjϕj(σ) = 0. By (1), we have

πNη1 = · · · = πNηr = 0, and thus η1 = · · · = ηr = 0. This shows η = 0. This contradicts the fact
that M1 is not zero and η|M1

6= 0. Therefore, we obtain M = W . Since both Im(Φ) and ⊕ri=1Tπ
are Zp-lattices in W , Im(Φ) is open in ⊕ri=1Tπ.
(3) Since we have Gal(KΦ/Kkπ) ' Im(Φ), the result follows from (2).

Proof of Theorem 5.7. The result is an immediate consequence of Lemmas 5.11 and 5.12.

Remark 5.14. The author believe that, in Lemma 5.12 (2), the image of the homomorphism
Φ: GKkπ → ⊕ri=1Tπ should be stable under the Ok-action of ⊕ri=1Tπ. If this is true, the Galois

group Gal(K̃/K) has a structure of Ok-modules, free of rank [K : k]. Moreover, Lemma 5.3 should
hold also for any σ (without the assumption that χπ(σ) is a rational integer).
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5.3 Proofs of Theorems 1.1 and 1.2

We show Theorems 1.1 and 1.2 given in the Introduction.

Proof of Theorem 1.1. Assume that there exist a finite extension L/K̃ and an abelian variety A
over L with potential good reduction such that A(L)tor is infinite. The goal is to check that
(k, π) satisfies (W) under this assumption. We remark that (W) in Theorem 1.1 coincides with
(W)’ in Theorem 4.1 for k = E and χ = χπ (here, we recall that δχπ

= π; see Example 3.7).
Hence, by Theorem 4.1, it suffices to show that there exists a finite extension K ′/K so that A
is defined over K ′ and A(K ′kπ)[p

∞] is infinite. At first, we take a finite extension K1/K so

that L ⊂ K1K̃, A is defined over K1 and has good reduction over K1. By the same method
as the construction of K̃ from K, k, π (and φ), we define K̃1 to be the filed corresponding to

K1, k, π (and φ). Clearly we have L ⊂ K̃1 and thus A(K̃1)tor is infinite. Since the residue field

of K̃1 is finite by Proposition 5.5, it follows from [Oz, Proposition 2.9] that the prime-to-p part

of A(K̃1)tor is finite. Thus A(K̃1)[p
∞] is infinite. If we denote by Vp(A) the rational p-adic Tate

module of A, then the infiniteness of A(K̃1)[p
∞] implies that Ṽ := Vp(A)

G
K̃1 is a non-zero GK1 -

stable submodule of Vp(A). We regard Ṽ as a representation of Gal(K̃1/K1). By Proposition 5.4

(with G := Gal(K̃1/K1) and H := Gal(K̃1/K1kπ)), there exists a finite Galois extension K ′/K1

in K̃1/K1 such that H ′ := Gal(K̃1/K
′kπ) acts unipotently on Ṽ . Hence Ṽ H

′
= Vp(A)

GK′kπ is
non-zero, that is, A(K ′kπ)[p

∞] is infinite as desired.

Proof of Theorem 1.2. Assume that neither (µ) nor (W) in the Introduction holds. By Corollary
2.4, for the proof of the theorem, it suffices to check (µ∞) and (AV∞) for (L = K̃/K, g = ∞).
The condition (AV∞) is a consequence of Theorem 1.1. For (µ∞), it suffices to show that the set
µ∞(L′) is finite for any finite extension L′/L. Since the residue field of L′ is finite by Proposition
5.5, the finiteness of the set µℓ∞(L′) for any prime number ` 6= p follows. Furthermore, we see that
L′ does not contain µℓ if ` ≥ qL′ where qL′ is the order of the residue field FL′ of L′. In fact, if
L′ contains µℓ, then FL′ contains the residue field of Qp(µℓ). Hence, taking fℓ > 0 the minimum
integer s such that ps ≡ 1 mod `, we have qL′ ≥ pfℓ ≥ ` + 1. Finally, we show the finiteness of
the set µp∞(L′). Assume that µp∞(L′) is infinite. Then L′ contains k(µp∞). By [Oz, Lemma 2.7]
and the assumption that (µ) does not hold, we know that kπ ∩ k(µp∞) is a finite extension of k.
Thus the extension kπ(µp∞)/kπ is of infinite degree. It follows from local class field theory that the
residue field of kπ(µp∞) is infinite. Since L′ contains kπ(µp∞), we obtain the fact that the residue
field of L′ is also infinite but this is a contradiction. Therefore, the set µp∞(L′) must be finite as
desired.

5.4 Proof of Theorem 1.3

We show Theorem 1.3. Assume that we have found a finite set Wab = Wab(f, g; k) of q-Weil
integers with the property described in the theorem under the additional condition that G is an
abelian variety with potential good reduction. Assuming this, we show that the set

W =W(f, g; k) :=Wab ∪ q · µp−1

satisfies the desired property. Assume that we have Nrk/Qp
(π) /∈ W . Let K be a finite extension

of k with fK ≤ f . Take a finite extension L/K̃. Replacing L by a finite extension, we may assume
that L/K is Galois. We consider (µ∞) and (AV∞) for (L/K, g). The condition (µ∞) follows from

the facts that q−1Nrk/Qp
(π) is now not a root of unity and any finite extension of K̃ has a finite

residue field (see the proof of Theorem 1.2). Furthermore, the condition Nrk/Qp
(π) /∈ Wab assures

(AV∞). Now the theorem follows from Proposition 2.2 (2).
In the rest of the proof, we show the existence of Wab = Wab(f, g; k). First we consider the

case where k is a Galois extension of Qp. Let K be a finite extension of k with fK ≤ f and A
an abelian variety over K, of dimension at most g, with potential good reduction. Suppose that
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A(L)tor is infinite for a finite extension L/K̃. Replacing K by a totally ramified extension, we
may suppose that A has good reduction over K (cf. [ST, §2]). The argument given in the proof of
Theorem 1.1 shows that there exists a finite extension K ′/K with the property that Vp(A)

GK′kπ

is not zero. Let M be the Galois closure of K ′kπ over K, which is a finite extension of Kkπ. Then
(Vp(A)

GM )∨ is a non-zero crystalline representation of GK with Hodge-Tate weights in {−1, 0}.
Here, the notation “∨” stands for the usual dual representation. By [Oz, Lemma 2.5] (or Remark
3.4), there exist finite extensions K ′/K and E/Qp with K ′, E ⊃ k such that any Jordan-Hölder
factor W of the E-representation ((Vp(A)

GM )∨ ⊗Qp
E)|GK′ is of the form

W = E(χ̂−1), χ̂ =
∏
σ∈Γk

σ−1 ◦ χ−rσ
π (5.1)

for some integer rσ ∈ {−1, 0}. We fix a lift σ̂ : Qp → Qp of each σ ∈ Γk and denote by Γ the set of
homomorphisms σ̂ such that rσ = −1. We have χ̂ =

∏
σ̂∈Γ σ̂

−1 ◦ χπ and |Γ| =
∑
σ∈Γk

(−rσ). Let

α be a root of the characteristic polynomial of DK′

cris(W ). It follows from Lemma 3.9 that α is of
the form

α = afK′/k , a =
∏
τ∈Γk

τ(π)tτ (5.2)

for some integers tτ ≥ 0 such that
∑
τ∈Γk

tτ =
∑
σ̂∈Γ 1 =

∑
σ∈Γk

(−rσ). Since W is a subquo-

tient E-representation of (Vp(A)
GM )∨ ⊗Qp

E and (Vp(A)
GM )∨ is a quotient Qp-representation of

Vp(A)
∨, we know that α is a root of the characteristic polynomial of DK′

cris(Vp(A)
∨). Since A has

good reduction over K, α is a fK′/K -th power of some root β of the characteristic polynomial of
DK

cris(Vp(A)
∨);

α = βfK′/K . (5.3)

By the Weil conjecture, β is a qK-Weil integer of weight 1. Set t0 :=
∑
τ∈Γk

tτ =
∑
σ∈Γk

(−rσ).
We have 0 ≤ t0 ≤ [k : Qp] since rσ ∈ {−1, 0}. Furthermore, we have t0 6= 0. In fact, if we assume
t0 = 0, then tτ = 0 for any τ and thus βfK′/K = 1. However, this contradicts the fact that β
is a qK-Weil integer of non-zero weight 1. By (5.2) and (5.3), we have afK = ζβfk where ζ is
a root of unity. Let T1 = T1(f, g) be the set of p-Weil integers x of weight at most f such that
[Q(x) : Q] ≤ 2g. The set T1 is finite. Let k1 = k1(f, g; k) be the extension field of k obtained by
adjoining T1. Then k1 depend only on f, g and k. By the Weil conjecture, we have β ∈ T1. This
in particular implies β, ζ ∈ k1. Taking Nrk1/Qp

to the equality afK = ζβfk , we obtain that

Nrk/Qp
(π)t0fK [k1:k]Nrk1/Qp

(β)−fk

is a root of unity in Qp, that is, a (p − 1)-th root of unity. Since we have 0 < t0 ≤ [k : Qp], the
existence of the desired set Wab =Wab(f, g; k) now follows.

Next we consider the case where k is not necessarily a Galois extension of Qp. Set f(k) :=
f · ekG/k · [kG : k]. For any finite Galois extension F/Qp, we already knows the existence of
Wab(f(k), g;F ). We fix the choice of Wab(f(k), g;F ) for each such F . Let Galk be the set of Galois
extensions F/Qp such that F ⊃ kG and [F : kG] ≤ ekG/k. (If k/Qp is Galois, then we have f(k) = f
and Galk = {k}.) We define

Wab =Wab(f, g; k) := {x ∈ Q | xfF/k ∈ Wab(f(k), g;F ) for some F ∈ Galk}.

Since Galk is finite, the set Wab is also finite. It suffices to show that Wab satisfies the desired
property. Let K be a finite extension of k with fK ≤ f and A an abelian variety over K, of
dimension at most g, with potential good reduction. Suppose that A(L)tor is infinite for a finite

extension L/K̃. As explained above, we may assume that A has good reduction over K, and there
exists a finite extension of M/Kkπ such that M is a Galois extension of K and Vp(A)

GM is not
zero. The torsion subgroup A(M)tor of A(M) is now infinite. On the other hand, it follows from
[Oz, Lemma 2.8] that there exist k′ ∈ Galk and a uniformizer π′ of k′ with the properties that
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Nrk′/k(π
′) = πfk′/k and kπ ⊂ k′π′ . Putting K ′ = Kk′, we have fK′ ≤ fK · [K ′ : K] ≤ fK · [k′ : k] ≤

f(k). We denote by K̃ ′ the field corresponding to K ′, k′ and π′ (cf. Proposition 5.1 (2)). Putting

L′ = MK̃ ′, then L′ is a finite extension of K̃ ′ and we have A(L′)tor is infinite. Therefore, we
have Nrk′/Qp

(π′) ∈ Wab(f(k), g; k
′). Since we have k′ ∈ Galk and Nrk′/Qp

(π′) = Nrk/Qp
(π)fk′/k , we

obtain Nrk/Qp
(π) ∈ Wab(f, g; k). This finishes the proof.
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