4 Applications to Nonlinear Problems
4.1 Comparisom Principle for a single reaction diffusion equa-
tion

e In this section, we will apply the maximum principles for some nonlinear problems,
in particular, a certain class of reaction-diffusion equations. Let us first consider
the following equation:

w=Au+ f(u), 0<t<T, zeU,

where T'> 0, U C RY and f € C1(R).

s Lemma 4.1 ~
Let U C RY be a domain, T'> 0 and D = (0,T) x U. Suppose that ¢ € L*(D) N
C(D) and v € C(D) N C*?(D) N L>(D) satisfies

u < Au+c(t,x)u, (t,z) €D,

u(t,x) <0, 0<t<T, xe€dU, (4.1)

u(0,7) <0, x€U.

Then it holds that u(¢,z) < 0in D.
J

Remark: It is not necessary to impose that ¢(¢,z) > 0 in D. This lemma is still valid
if 9, — A is replaced by a general uniformly parabolic operator.
Proof:

o Let M > sup ,ep |c(t, x)| and v(t,z) = eMu(t, ), that is u(t, z) = e M u(t, z).
Then v satisfies
vy — Av — (c(t,z) + M)v = eM{Mu + vy — Au— (c(t,z) + M)u}
=My, — Au—c(t,z)u} <0

and clearly v(t,z) <0 on 0,D. We remark that c¢(t,z) + M > 0in D.

e If U is bounded, from Theorem 3.10, we obtain v(t,z) < 0, that is, u(¢,z) < 0 in
D.

e If U is unbounded, from Theorem 3.18, we obtain v(t,z) < 0 that is, u(t,z) <0
in D. J

Remark: When U is a bounded domain, if condition “u™(¢t,2) > u=(¢t,z) for 0 <t < T,
- +
x € OU” is replaced by U < (9L for 0 <t < T,z € 0U”, then we also obtain

ov v
u(t,z) <0in D.
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- Theorem 4.2(Comparison Principle) ~
Let U C RY be a domain, T > 0 and D = (0,7) x U, f € C*(R). Suppose that
ut,um € C(R)NCY(D) N L>=(R) satisfy

u?_ - Au+ - f(u+) > ut_ —Au” — f(u_)a (t,ZB) € Da
ut(t,z) > u (t,x), (t,z)€d,D.

Then it holds that u™ (¢, z) > u= (¢, x) in D.
N J
Proof:

e Because u~, u™ are bounded, there exist M > m > 0 such that

m<u (t,x),ut(t,z) <M

holds for (t,z) € D.

e Let us define w(t, x) := u™(¢t,x) — ut(t,z) and
f(u_ tvI)) _f u+(t,x)) if u(t.r u T
c(t,z) := u(t,z) — ut(t, z) fu(tz) 7wt (o),
f(u=(t,z)) if uw(t,x) =u"(t,x)

We note that ¢ € C(D) N L>(D).

From w satisfies
wy — Aw =u; —uf — (Au” — Au’)
= (uy — Au”) — (u — Au”)
< flu™(t,2) — fu'(t,2)) = c(t, 2)w

Hence wy — Aw — ¢(t,z)w < 0 for (t,z) € D. Moreover w(t,z) < 0 holds for
(t,x) € 0,D.

Therefore by Lemma 4.1, we obtain that w(t,xz) < 0, that is, u™ (¢, z) < u™ (¢, x)
for (t,z) € D.O

Remark: When U is a bounded domain, if condition “u(t,z) < 0 for 0 < ¢t < T,
x € 0U” is replaced by “% < 0for 0 <t <T,x e JU”, then we also obtain
u(t,x) <0in D.
e Consider the initial-boundary value problem
ur = Au—+ f(u), (t,x) e D=(0,T)xU,
u(t,x) = g(t,x), =€ U, (4.2)
u(0,7) = ug(z), = €U.

where g € C((0,T] x 9U), ug € C(U) are given functions (when U = RY we do
not impose any boundary condition in the second line).
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e We say ut € C(U) N CY?(D) is an upper solution of (4.2) if
u > Aut + f(uh), (tx) € D=(0,T)xU,
ut(t,x) > g(t,x), 0<t<T, xze€dl,
ut(0,7) > ug(z), v€U.

e Wesay u~ € C(D)NCH?(D) is a lower solution of (4.2) if
up < Au 4 fu), (ba)eD=(0,T)x U,
u (t,x) <g(t,z), 0<t<T, €U,
u (0,7) <wup(z), =eU.

4.2 Comparisom Principle for a system of reaction diffusion
equations

e We next consider the following reaction-diffusion system:

w = diAu+ f(u,v), t>0, €U, (43)
vy = doAv + g(u,v), t>0, €U, '

where di, dy > 0 are constants and f, g are smooth functions.

s Lemma 4.3 ~
Let U € RY be a domain, T > 0 and D = (0,7) x U. Suppose that u,v €
C(R) N CH2(D) N L*>*(R) satisfy

u < diAu+ e (t, 2)u + ca(t, z)v (t,x) € D,
vy < doAv o1 (t, x)u + coo(t, z)v (¢, x) € D,
u(t,z),v(t,x) <0, 0<t<T, zedl,
u(0,7),v(0,7) <0, v€U,

with some ¢;; € C(D) N L®(D) (i,j = 1,2). If ep(t,z) > 0, co(t, ) > 0 in D.
Then it holds that u(¢,z),v(¢t,z) < 0in D.
J

Proof:
e Suppose that there exists (to, z) € D such that u(ty, z9) > 0 or v(tg, zg) > 0.

e Take M > 0 so that ¢;1(t,z) + ¢j2(t,x) < M in D holds.

e Define U :=u —eeMt| V := v — eeM? for small € > 0.

e Take € > 0 so that U(ty,x¢) > 0, V(to, o) > 0 holds.
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Define ¢, := inf{t > 0:3(¢t,z) € [0,¢y) x U s.t. U(t,z) >0 or V(t,z) > 0}.

Since U(0,z) < 0 and V(t,z) < 0, t. > 0 and there exists . € U such that
U(te,z:) =0 or V(t.,z.) =0 and

Ult,z) <0, V(t,z) <0 (t,a)€0,t.) x U.

Suppose U(t.,x.) = 0. On (0,t.] x U we have

Ut — dlAU — CnU = Ut — dlAU — C11u — €M€Mt -+ CHZEGMt
= 190 — e u — eMeMt + ¢peeM?
=12V — €€Mt(M — C11 — 012) < 0.

We also have U < 0 on 9,((0,¢.) x U). By Lemma 4.1 and Corollary 3.12(strong
maximum principle) we obtain

U(t,z) <0 for (t,z)€[0,t] x D,

which is a contradiction to U(t.,x.) = 0. We can get a contradiction in the case
where V(t.,z.) =0. O

Remark: When U is a bounded domain, if condition “u(t, z),v(t,x) < 0for0 <t < T,

0 0
x € OU” is replaced by U <0, 9 <0for0<t<T,zedU”, then we also obtain

v v
u(t,z),v(t,z) <0in D.

e In general, the comparison principle does not hold for reaction-diffusion system.
However under some conditions on f and g, some comparison principle is available.
We assume the following conditions:

af dg

—L >0,

— > 0. .
ov 8u_0 (4.4)
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s Theorem 4.4 ~

Let U C RY be a domain, T > 0 and D = (0,7) x U. Suppose that u® v* €
C(D) N CY%(D) satisfy

) > (") — Au” = flu_,v-), (t,x) €D,
(1) — doA(wT) + g(ut,vt) > (v ) — Av™ —g(u_,v_), (t,z) € D,
uwt(t , >v (t,x) 0<t<T, ze€dU,
ut(0,2) > u (0,7), v (0,2) >v (0,x) v €U.

and moreover there exists 0 < m < M such that
m < uF(t,x),v=(t,x) < M for (t,z) € D

and (4.4) holds on [m, M] x [m, M]. Then we have

ut(t,x) >u (t,z), v (t,x) > v (t,z) for (t,z) € D.
N J
Proof:

e Let u=u" —u",v=0v" —ov". Then u and v satisfy

u < diAu+ ey (t, z)u+ ot z)v (t,x) € D,
v < doAv + o1 (t, 2)u + coa(t, z)v (¢, x) € D,
u(t,z),v(t,z) <0, 0<t<T, xe€dl,
u(0,2),v(0,2) <0, z €U,

where

1
c11 = / Ju(Ou™ + (1 = O)ut, 0v™ + (1 — 0)v)do,
0
1
o — / Fo0u + (1= 0)ut, 6= + (1 — B)o+)do,
0
1
e = / a0 + (1= 0)ut, 60 + (1 — O)v*)do,
0

1
Coo = / Go(Ou™ + (1 —O)u™, 0v™ + (1 — 0)v)d6.
0
Here it should be noted that ci2, c21 > 0 and ¢;; are bounded continuous functions.

e Therefore we can use Lemma 4.3 to conclude that v~ < u™ and v~ < ov™. O

Remark: When U is a bounded domain, if condition “u™ (¢, 2) > ™ (¢,x) and v~ (¢, x) <
. ou- _ ou* v~ Ovt

vi(t,x) for 0 < t < T, x € 9U” is replaced by “— < —— and — < B for
v

v v v
0<t<T,zedU”, then we also obtain ™ (¢t,z) < u*(¢t,z) and v~ (t,z) < v*(t,x) in
D.
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4.3 Invariant Rectangle

e Let U be a bounded domain. Consider the following reaction-diffusion system:
u = diAu+ f(u,v), t>0, zeU,
vy = dayAv + g(u,v), t>0, z€U,

ou  Ov (4.5)
Eir =0, t>0, xe€ol.
u(0,z) = up(x), v(0,2) =wvy(z), =€ U.
and corresponding ODE system:
dUu
E = f(Uv V)a
Jv (4.6)
— =g(U,V).

e K C R?is said to be a positively invariant region of (4.6) if
(U(0),V(0)) e K = (U(t),V(t)) : solution to (4.6) satisies (U(t), V(t)) € K(t > 0).
e K C R? is said to be a positively invariant region of (4.5) if

(uo(x),vo(x)) € K(x € U)
= (u(t,z),v(t,z)) : solution to (4.5) satisies (u(t,x),v(t,x)) € K (x € U, t > 0).

~ Proposition 4.5 ~
(1) If f(a,v) > 0 for any v € R, then {(u,v) : w > a} is a invariant region of (4.5).
(2) If f(a,v) <0 for any v € R, then {(u,v) : u < a} is a invariant region of (4.5).
(3) If g(u,c) > 0 for any u € R, then {(u,v) : v > ¢} is a invariant region of (4.5).
(4) If g(u,c) <0 for any u € R, then {(u,v) : v < ¢} is a invariant region of (4.5).
NS )
Proof

e We only give the proof of (1).
e Let w(t,z) = a— u(t,z). Then we obtain

wy = —uy = —d1Au — f(u,v)
S dlAw + f(CL,’U) - f(Uﬂ))
= d1Aw + c(t, x)w

where
c(t,r) = w(OBa —0)u),v)do.
(t,2) /0f< +(1-0)u),v)
5
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e By Lemma 4.1, we obtain u(t,z) > a for t > 0. O
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